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Abstract
We prove that the kernels of the Baskakov–Durrmeyer and the Szász–Mirakjan–Durrmeyer operators are
completelymonotonic functions.We establish aBernstein type inequality for these operators and apply the re-
sults to the quasi-interpolants recently introduced byAbel. For the Baskakov–Durrmeyer quasi-interpolants,
we give a representation as linear combinations of the original Baskakov–Durrmeyer operators and prove
an estimate of Jackson–Favard type and a direct theorem in terms of an appropriate K-functional.
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1. Introduction
Let c ∈ R. Put Ic =
[
0,− 1
c
]
for c < 0 and Ic = [0,∞) for c0. For n > 0, k ∈ N0 and
x ∈ Ic we deﬁne
p
[c]
n,k(x) := (−1)k
(−n
c
k
)
(cx)k (1 + cx)− nc −k, c = 0,
p
[0]
n,k(x) := lim
c→0 p
[c]
n,k(x) =
(nx)k
k! e
−nx, c = 0.
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As usual, the binomial coefﬁcients are deﬁned for  ∈ R and k ∈ N0 by
(
k
) := (−1)···(−k+1)
k! if
k ∈ N, and (0) := 1. In particular, (mk ) = 0 if m ∈ N and k > m. The functions p[c]n,k satisfy the
property
∞∑
k=0
p
[c]
n,k(x) = 1. (1)
We will study the following positive linear operators.
Deﬁnition 1. Let c ∈ R and let n > c if c0 or n = −c with some  ∈ N if c < 0. Deﬁne
(Mn,c(f ))(x) :=
∞∑
k=0
∫
Ic
p
[c]
n,k(y) f (y) dy∫
Ic
p
[c]
n,k(y) dy
p
[c]
n,k(x) (2)
for f ∈ Lp(Ic), 1p∞.
The restrictions on the parameter n in this deﬁnition follow from the following requirements.
First, we require that p[c]n,k0 for all k ∈ N0, which holds true for all n > 0 if c0, and only
for n = −c,  ∈ N, if c < 0. In the last case p[c]n,k ≡ 0 for k > −nc , k ∈ N0, so that the
sum in deﬁnition (2) is ﬁnite and consists of the summands with k = 0, 1, . . . ,−n
c
. Further,
we require that the integral
∫
Ic
p
[c]
n,k(y) dy is ﬁnite. If c < 0, n = −c with some  ∈ N and
k = 0, 1, . . . ,−n
c
, then
∫
Ic
p
[c]
n,k(y) dy = −
1
c
(−n/c
k
)∫ 1
0
tk(1 − t)− nc −k dt = 1
n − c .
If c = 0, then∫
I0
p
[0]
n,k(y) dy =
1
n
1
k!
∫ ∞
0
tke−t dt = 1
n
(3)
for all n > 0. Finally, if c > 0, then∫
Ic
p
[c]
n,k(y) dy = (−1)k
1
c
(−n/c
k
)∫ 1
0
tk(1 − t) nc −2 dt =
{ 1
n−c , n > c,∞, otherwise, (4)
and thus we need n > c.
Note that
p
[c]
n,k(x) = p[1]n
c
,k
(cx), c > 0,
p
[c]
n,k(x) = p[−1]− n
c
,k
(−cx), c < 0. (5)
By a change of variables we see that(
Mn,c[f (·)]
)
(x) =
(
M n
c
,1
[
f
( ·
c
)])
(cx), c > 0,(
Mn,c[f (·)]
)
(x) =
(
M− n
c
,−1
[
f
(
− ·
c
)])
(−cx), c < 0.
This means that we have only three essentially different operators: Mn,−1, Mn,0 and Mn,1.
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For c = −1, the operator (2) is the well-known Bernstein–Durrmeyer operator. It was in-
troduced by Durrmeyer [7] and independently by Lupas¸ [12] as a modiﬁcation of the classical
Bernstein operator, and studied in detail by Derriennic [6]. The operator is well-deﬁned on the
domain Lp[0, 1], 1p < ∞, and on C[0, 1]. The operator Mn,−1 reproduces constants and is
contractive, i.e. the inequality
‖Mn,c(f )‖p‖f ‖p (6)
holds true with c = −1 and 1p∞. For f ∈ Lp[0, 1], 1p < ∞, or for f ∈ C[0, 1] the
convergence ‖Mn,−1(f ) − f ‖p → 0, n → ∞, takes place. The Bernstein–Durrmeyer operator
is very well studied. There are well-known extensions of this operator to the multivariate case and
to the Lp-spaces with Jacobi weights. For details and references see e.g. [4].
For c = 0, the operator Mn,0 was introduced by Mazhar and Totik [13] and is usually called the
Szász–Mirakjan–Durrmeyer operator. The operatorMn,c with c > 0 was introduced by Heilmann
(for c = 1 independently by Sahai and Prasad [14]) and is usually called the Baskakov–Durrmeyer
operator. The operatorsMn,c with c0were studied e.g. byHeilmann [8,9], Heilmann andMüller
[10]. Using properties (1) and (3) resp. (4), it is not difﬁcult to show that the operator Mn,c is well-
deﬁned if f ∈ L1(Ic) or f ∈ L∞(Ic), and (6) holds for p = 1 and ∞ (e.g. [8]). Consequently,
Mn,c is well-deﬁned for all f ∈ L1(Ic)+L∞(Ic), in particular, for all f ∈ Lp(Ic), 1p∞. By
theRiesz–Thorin interpolation theorem, (6) holds for all 1p∞. The operatorMn,c reproduces
constants. It was shown in [8, Theorem 3.2] that
‖Mn,c(f ) − f ‖p → 0, n → ∞, f ∈ Lp[0,∞), 1p < ∞. (7)
In fact, the right-hand side of (2) is also well-deﬁned for some functions which do not belong to
Lp-spaces, for example, for polynomials.
In the recent paper of Jetter, Stöckler and the author [4], the Bernstein–Durrmeyer operators
(case c = −1) on simplices in Lp-spaces with Jacobi weights and their natural quasi-interpolants
were studied. Using a new representation of the kernel of the Bernstein–Durrmeyer operator
in terms of Jacobi polynomials, we showed that the sequence of the kernels is pointwise com-
pletely monotonic. Based on this fact we proved various direct results for the natural Bernstein–
Durrmeyer quasi-interpolants.The aimof this paper is to obtain for c0 statements similar to those
from [4].
The paper is organized as follows. In Section 2 we give representations of the kernels of
the Durrmeyer operators in terms of special functions and prove the complete monotonicity
property. In Section 3 we study a special differential operator Ur,c which plays an important role
in investigations onDurrmeyer operators and their linear combinations. Themain result of Section
3 is a Bernstein-type inequality which gives an estimate for ‖Ur,c(Mn,c(f ))‖p, f ∈ Lp(Ic). In
Section 4 we apply results of Sections 2 and 3 to the natural quasi-interpolants of the Baskakov–
Durrmeyer and the Szász–Mirakjan–Durrmeyer operatorswhichwere recently introduced byAbel
[1]. In the case c > 0 we give a representation ofAbel’s quasi-interpolants as linear combinations
of the Baskakov–Durrmeyer operators. Finally, we establish an estimate of Jackson–Favard type
and a direct theorem in terms of a new K-functional.
In the paper we basically follow the consideration in [4], where the corresponding results for
c = −1 can be found. Some of the proofs, like in Theorems 1 and 2 and Lemma 8, are similar
to those in [4]. On the other hand, for Lemmas 3–7 and Theorems 4 and 5 we give direct proofs
which extensively use properties of underlying special functions.
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2. Kernels of the Durrmeyer operators
In this section we study the kernels of the operators (2). Interchanging integration and summa-
tion in (2), we can rewrite it as
(Mn,c(f ))(x) = (n − c)
∞∑
k=0
p
[c]
n,k(x)
∫
Ic
p
[c]
n,k(y)f (y) dy = (n − c)
∫
Ic
Tn,c(x, y) f (y) dy,
with the kernel function
Tn,c(x, y) =
∞∑
k=0
p
[c]
n,k(x)p
[c]
n,k(y), x, y ∈ Ic. (8)
For f ∈ L1(Ic) or f ∈ L∞(Ic), the interchanging of integration and summation can be easily
justiﬁed by the Lebesgue dominated convergence theorem, basing on the properties (1) and (3)
resp. (4); for f ∈ Lp(Ic) with 1 < p < ∞ we exploit again the fact that f ∈ L1(Ic) + L∞(Ic).
In the following lemma we give representations of the function Tn,c(x, y) in terms of special
functions.
Lemma 1. Let c ∈ R and n be as in Deﬁnition 1. The series in (8) converges for all x, y ∈ Ic
and it holds
Tn,c(x, y) = [(1 + cx)(1 + cy)]− nc 2F1
(
n
c
,
n
c
, 1,
c2xy
(1 + cx)(1 + cy)
)
, c = 0, (9)
Tn,0(x, y) = e−n(x+y)I0(2n√xy), c = 0. (10)
Here 2F1 is the hypergeometric function and I0 is the modiﬁed Bessel function of ﬁrst kind of
order 0.
Proof. If c < 0, as n = −c with some  ∈ N, the sum in (8) is ﬁnite (in particular, Tn,c(x, y) is
a polynomial in x and y). If c0, since∑∞k=0 p[c]n,k(x) = 1 and p[c]n,k0 for all k ∈ N0 (moreover,
p
[c]
n,k(x) = 0 only if x = 0 and k = 0), it follows
p
[c]
n,k(x)1
(moreover, p[c]n,k(x) = 1 only if x = 0 and k = 0). Thus, for all x, y ∈ Ic
0 < Tn,c(x, y) =
∞∑
k=0
p
[c]
n,k(x)p
[c]
n,k(y)
∞∑
k=0
p
[c]
n,k(x) = 1. (11)
The representations (9), (10) follow immediately from the deﬁnitions of the functions 2F1, I0 via
the power series [2, (15.1.1)] resp. [2, (9.6.10)]. 
The estimate (11) shows, in particular, that the function Tn,c(x, ·) belongs to the space L∞(Ic)
for each ﬁxed x ∈ Ic. In fact, Tn,c(x, ·) ∈ Lp(Ic) for each 1p∞. For c < 0 it is obvious and
for c0 it follows form the following lemma.
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Lemma 2. For each x, y ∈ [0,∞) it holds
Tn,c(x, y)

(
2 n
c
− 1)[

(
n
c
)]2 (1 + cx) nc −1 1
(1 + cx + cy) nc , c > 0, (12)
Tn,0(x, y)e−n(
√
x−√y)2 , c = 0. (13)
Proof. Let ﬁrst c > 0. Using the formula 2F1(, , , z) = (1 − z)−− 2F1(− , − , , z)
[2, (15.3.3)], we can rewrite (9) as
Tn,c(x, y) = [(1 + cx)(1 + cy)]
n
c
−1
(1 + cx + cy)2 nc −1 2F1
(
1 − n
c
, 1 − n
c
, 1,
c2xy
(1 + cx)(1 + cy)
)
.
Now, since 0 c
2xy
(1+cx)(1+cy) < 1 for x, y ∈ [0,∞),
2F1
(
1 − n
c
, 1 − n
c
, 1,
c2xy
(1 + cx)(1 + cy)
)
=
∞∑
k=0
((
1 − n
c
)
k
k!
)2 (
c2xy
(1 + cx)(1 + cy)
)k

∞∑
k=0
((
1 − n
c
)
k
k!
)2
= 2F1
(
1 − n
c
, 1 − n
c
, 1, 1
)
= 
(
2 n
c
− 1)[

(
n
c
)]2 ,
the last equality follows from the formula 2F1(, , , 1) = ()(−−)(−)(−) ( = 0,−1,−2, . . .,

(− − ) > 0) [2, (15.1.20)]. An elementary estimate gives (12).
To prove (13), we use (10) and the inequality
I0(z)ez, z0,
which follows immediately from the integral representation [2, (9.6.18)]
I0(z) = 1

∫ 1
−1
e−tz 1√
1 − t2 dt.  (14)
In [4] we proved for the kernel of the Bernstein–Durrmeyer operator that the sequence {Tn,−1
(x, y)}n∈N is pointwise completely monotonic for any ﬁxed x, y ∈ [0, 1], i.e. the inequalities
(−1)rr1Tn,−1(x, y) =
r∑
l=0
(−1)
(
r

)
Tn+,−1(x, y)0
hold for all n ∈ N, r ∈ N0. Because of (5) it is clear that a similar statement holds also for Mn,c
with an arbitrary c < 0, namely
(−1)rr−cTn,c(x, y) =
r∑
l=0
(−1)
(
r

)
Tn−c,c(x, y)0, c < 0. (15)
Here we prove an analogue of this result for c0. The following statement takes place.
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Theorem 1. Let c0, n > c. For any ﬁxed x, y ∈ [0,∞), the function Tn,c(x, y) is completely
monotonic with respect to n.
Proof. We will use the following two simple facts about completely monotonic functions:
(a) The function (u) = au, with 0 < a1, is completely monotonic.
(b) Suppose that a function f (u, t) is completely monotonic with respect to u for any t and
integrable with respect to a non-negative measure dm(t). Then the function J (u) = ∫ f (u, t)
dm(t) is completely monotonic.
A good reference on completely monotonic functions and sequences is [15].
First we consider the case c > 0. Using the quadratic transformation [2, (15.3.27)]
2F1(, , − + 1, z) = (1 + √z)−2 2F1
(
, − + 1
2
, 2− 2+ 1, 4
√
z
(1 + √z)2
)
,
we rewrite (9) as
Tn,c(x, y) =
(√
c2xy +√(1 + cx)(1 + cy))− 2nc
×2F1
⎛
⎜⎝n
c
,
1
2
, 1,
4
√
c2xy(1 + cx)(1 + cy)(√
c2xy + √(1 + cx)(1 + cy)
)2
⎞
⎟⎠ .
Since
0 4
√
c2xy(1 + cx)(1 + cy)(√
c2xy + √(1 + cx)(1 + cy)
)2 < 1
for x, y ∈ [0,∞), we can use Euler’s representation formula [2, (15.3.1)]
2F1(, , , z) = ()
()(− )
∫ 1
0
t−1 (1 − t)−−1 (1 − zt)− dt
for 
() > 
() > 0, in the z plane cut along the real axis from 1 to ∞. We get
Tn,c(x, y) = 1

(√
c2xy +√(1 + cx)(1 + cy))− 2nc
×
∫ 1
0
⎛
⎜⎝1 − 4t
√
c2xy(1 + cx)(1 + cy)(√
c2xy + √(1 + cx)(1 + cy)
)2
⎞
⎟⎠
− n
c
dt√
t (1 − t) .
Thus,
Tn,c(x, y) = 1

∫ 1
0
[(x, y, t)]n dt√
t (1 − t) ,
where
(x, y, t) =
[(√
c2xy +√(1 + cx)(1 + cy))2 − 4t√c2xy(1 + cx)(1 + cy)
]− 1
c
.
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According to (a) and (b), the statement of the theoremwill follow ifweprove that 0 < (x, y, t)1
for all t ∈ [0, 1], x, y ∈ [0,∞). For, we see that(√
c2xy +√(1 + cx)(1 + cy))2 − 4t√c2xy(1 + cx)(1 + cy)

(√
c2xy −√(1 + cx)(1 + cy))2 1,
the last inequality follows from
√
(1 + cx)(1 + cy) −
√
c2xy1
which is equivalent to the obvious cx + cy2c√xy.
Now let us consider the case c = 0. Using (10) and (14), we obtain
Tn,0(x, y) = 1

∫ 1
−1
[(x, y, t)]n 1√
1 − t2 dt,
with
(x, y, t) = e−(x+y+2t√xy).
Again, to prove the complete monotonicity it is enough to prove that 0 < (x, y, t)1 for
all t ∈ [−1, 1], x, y ∈ [0,∞). The ﬁrst inequality is obvious while the second inequality
e−(x+y+2t
√
xy)1 follows from x + y + 2t√xy(√x − √y)20. The proof of Theorem 1
is now completed. 
3. The differential operator Ur,c and the Bernstein inequality
Let c ∈ R and r ∈ N0. We deﬁne the following differential operators of order 2r:
Ur,c := (−1)
r
(r!)2
dr
dxr
(
xr(1 + cx)r d
r
dxr
)
, r ∈ N, (16)
and U0,c := I, where I denotes the identity operator. This operator was introduced by Derriennic
[6] in the case of r = 1, c = −1 and by Heilmann [9] in the general case. The operator (16) plays
an important role in investigations on the Durrmeyer operators (2). One of the most important
properties is that the operators Ur,c and Mn,c commute, i.e.
Ur,c(Mn,c(f )) = Mn,c(Ur,c(f )) (17)
if f,Ur,c(f ) ∈ Lp(Ic). In this general setting it was proved by Heilmann [9].
Our ﬁrst aim in this section is to show that, if c = 0, Ur,c(Mn,c) can be represented as a linear
combination of the operators M,c. The corresponding result for c = −1 reads
1(
n
r
) Ur,−1(Mn,−1) = n + 1
r
r∑
=0
(−1)
(
r

)(
n + r − 
r − 1
)
Mn−,−1, (18)
this is the one-dimensional unweighted case of formula (15) in [4]. This formula was obtained in
[4] on the base of spectral properties of the operators Mn,−1 and Ur,−1. Here we choose another
approach which extensively uses properties of the special functions involved.We start with r = 1.
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Lemma 3. If c = 0 then
1
n
U1,c(Mn,c) =
(
−n
c
+ 1
)
(Mn,c − Mn+c,c). (19)
Proof. If c = −1, this is a particular case of (18), and for an arbitrary c < 0 it follows by a
suitable change of the variables. Now let c > 0. We ﬁrst prove that
1
n
U1,c(Tn,c(x, y)) =
(
−n
c
+ 1
)
Tn,c(x, y) + n
c
Tn+c,c(x, y), x, y ∈ [0,∞); (20)
the differential operator here is taken with respect to the variable x. We rewrite (9) as
Tn,c(x, y) = (c2xy)− nc z nc 2F1
(n
c
,
n
c
, 1, z
)
with z = c
2xy
(1 + cx)(1 + cy) .
Using the formulae [2, (15.2.3)] d
dz
{
z 2F1(, , , z)
} = z−1 2F1( + 1, , , z) and
[2, (15.1.1)] 2F1(, , , z) = 2F1(, , , z), we ﬁnd

x
Tn,c(x, y) = − n
cx
(c2xy)−
n
c z
n
c 2F1
(n
c
,
n
c
, 1, z
)
+ n
cx(1 + cx) (c
2xy)−
n
c z
n
c 2F1
(n
c
,
n
c
+ 1, 1, z
)
. (21)
Using [2, (15.2.3)] once again, we obtain
1
n
U1,c(Tn,c(x, y))
= 
x
{
1
c
(1+cx)(c2xy)− nc z nc 2F1
(n
c
,
n
c
, 1, z
)
−1
c
(c2xy)−
n
c z
n
c 2F1
(n
c
,
n
c
+1, 1, z
)}
=
(
−n
c
+ 1
)
(c2xy)−
n
c z
n
c 2F1
(n
c
,
n
c
, 1, z
)
− 1
cx
(c2xy)−
n
c z
n
c
[n
c
2F1
(n
c
,
n
c
, 1, z
)
− 2n
c
2F1
(n
c
,
n
c
+1, 1, z
)
+n
c
1
1+cx 2F1
(n
c
+ 1, n
c
+1, 1, z
)]
. (22)
By the formula [2, (15.2.15)]
(−−) 2F1(, , , z)+(1 − z) 2F1(+ 1, , , z) − (− ) 2F1(, − 1, , z) = 0,
with  = n
c
,  = n
c
+ 1,  = 1, we ﬁnd
n
c
2F1
(n
c
,
n
c
, 1, z
)
− 2n
c
2F1
(n
c
,
n
c
+ 1, 1, z
)
= −n
c
(1 − z) 2F1
(n
c
+ 1, n
c
+ 1, 1, z
)
.
Substituting this into (22) and using 1 − z − 11+cx = cx(1+cx)(1+cy) , we ﬁnally obtain
1
n
U1,c(Tn,c(x, y)) =
(
−n
c
+ 1
)
[(1 + cx)(1 + cy)]− nc 2F1
(n
c
,
n
c
, 1, z
)
+n
c
[(1 + cx)(1 + cy)]− nc −1 2F1
(n
c
+ 1, n
c
+ 1, 1, z
)
=
(
−n
c
+ 1
)
Tn,c(x, y) + n
c
Tn+c,c(x, y),
which is (20).
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Now take a function f ∈ Lp[0,∞), 1p∞. Using (20), we write
1
n
U1,c(Mn,c(f ))(x) = −(n − c)1
n

x
{
x(1 + cx) 
x
(∫ ∞
0
Tn,c(x, y)f (y) dy
)}
= −(n − c)1
n

x
{
x(1 + cx)
∫ ∞
0

x
Tn,c(x, y)f (y) dy
}
(23)
= −(n − c)
∫ ∞
0
1
n

x
{
x(1 + cx) 
x
Tn,c(x, y)
}
f (y) dy (24)
= (n − c)
∫ ∞
0
1
n
U1,c(Tn,c(x, y))f (y) dy
= (n − c)
∫ ∞
0
((
−n
c
+ 1
)
Tn,c(x, y) + n
c
Tn+c,c(x, y)
)
f (y) dy
=
(
−n
c
+ 1
)
((Mn,c(f ))(x) − (Mn+c,c(f ))(x)).
Thus, we obtain (19) formally. It remains to justify the interchanges of integration and differ-
entiation in (23) and (24). We shall use the following corollary from the Lebesgue dominated
convergence theorem, e.g. [5]: Let  be a nonnegative measure on a space X and let a function
f : X × (a, b) → R be such that the function x → f (x, ) is integrable for each  ∈ (a, b).
If the function  → f (x, ) is differentiable for almost all x, and there exists an integrable
function (x) such that
∣∣∣ f (x,)
∣∣∣ (x) for almost all x and for all , then the function J () :=∫
X
f (x, ) (dx) is differentiable, and J ′() = ∫
X
f (x,)
 (dx).
Fix a point x ∈ [0,∞). To justify the interchanging of integration and differentiation in (23),
we have to prove that the function x Tn,c(x, y) f (y) can be bounded by an integrable function
of y uniformly in some neighbourhood of x. A suitable bound is∣∣∣∣ x Tn,c(x, y) f (y)
∣∣∣∣ 
[
n
cx
(

(
2 n
c
− 1)[

(
n
c
)]2 + 
(
2 n
c
)

(
n
c
)

(
n
c
+ 1)
)
(1 + cx) nc −1
(1 + cx + cy) nc
]
|f (y)|,
which is clearly integrable, since f ∈ Lp[0,∞) and the expression in square brackets belongs to
Lq [0,∞) for every q. This estimate can be obtained from the representation (21) using for the
ﬁrst term the estimate (12), and for the second term a similar estimate which can be obtained in
a similar way. To justify the interchanging of integration and differentiation in (24), we have to
ﬁnd a suitable estimate for the function
[(−n
c
+ 1) Tn,c(x, y) + nc Tn+c,c(x, y)] f (y). Here wejust use (12) twice. 
To ﬁnd an analogue of (18) for c = −1 and r > 1, we ﬁrst establish the following recursive
relation for the differential operators Ur,c.
Lemma 4. Let c ∈ R and r ∈ N0. It holds
Ur+1,c = 1
(r + 1)2 (U1,c + cr(r + 1)I)Ur,c. (25)
Proof. Obviously,
U1,c = −(1 + 2cx) d
dx
− (x + cx2) d
2
dx2
, (26)
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and
U	,c = (−1)
	
(	!)2
d	
dx	
( 	∑
m=0
(
	
m
)
cmx	+m d
	
dx	
)
= (−1)
	
(	!)2
	∑
k=0
	∑
m=0
(
	
k
)(
	
m
)
cm
(	+ m)!
(m + k)!x
m+k d	+k
dx	+k
. (27)
Similarly to (27),
d
dx
(U	,c) = (−1)
	
(	!)2
	+1∑
k=0
	∑
m=0
(
	+ 1
k
)(
	
m
)
cm
(	+ m)!
(m + k − 1)!x
m+k−1 d	+k
dx	+k
, (28)
d2
dx2
(U	,c) = (−1)
	
(	!)2
	+2∑
k=0
	∑
m=0
(
	+ 2
k
)(
	
m
)
cm
(	+ m)!
(m + k − 2)!x
m+k−2 d	+k
dx	+k
. (29)
Using (26), (27)–(29) with 	 = r and suitable changes of the summation indexes, we obtain by a
long but simple calculation for the right-hand side of (25)
1
(r + 1)2 (U1,c + cr(r + 1)I)Ur,c
= −1
(r + 1)2
(
(1 + 2cx) d
dx
(Ur,c) + (x + cx2) d
2
dx2
(Ur,c) − cr(r + 1)Ur,c
)
= (−1)
r+1
((r + 1)!)2
r+2∑
k=0
r+1∑
m=0
cmxm+k−1 d
r+k
dxr+k
{(
r + 1
k
)(
r
m
)
(r + m)!
(m + k − 1)!
+2
(
r + 1
k
)(
r
m − 1
)
(r + m − 1)!
(m + k − 2)! +
(
r + 2
k
)(
r
m
)
(r + m)!
(m + k − 2)!
+
(
r + 2
k
)(
r
m − 1
)
(r + m − 1)!
(m + k − 3)! − r(r + 1)
(
r
k
)(
r
m − 1
)
(r + m − 1)!
(m + k − 1)!
}
= (−1)
r+1
((r + 1)!)2
r+2∑
k=0
r+1∑
m=0
(
r + 1
k − 1
)(
r + 1
m
)
cm
(m + r + 1)!
(m + k − 1)!x
m+k−1 dr+k
dxr+k
= (−1)
r+1
((r + 1)!)2
r+1∑
k=0
r+1∑
m=0
(
r + 1
k
)(
r + 1
m
)
cm
(m + r + 1)!
(m + k)! x
m+k dr+k+1
dxr+k+1
= Ur+1,c,
where the last equality follows by (27) for 	 = r + 1. 
Now we present the desired linear combination representation of Ur,c(Mn,c).
Lemma 5. Let c = 0 and n be as in Deﬁnition 1. It holds
r!
n(n+c) · · · (n+(r−1)c)Ur,c(Mn,c)=
(−n
c
+1)
r
r∑
=0
(−1)
(
r

)(−n
c
+r−
r−1
)
Mn+c,c. (30)
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Proof. We prove the lemma by induction in r . The statement for r = 1 is just (19). For the
induction step r → r + 1 we use (25) and the induction hypothesis (30) to obtain
(r + 1)!
n(n + c) · · · (n + rc) Ur+1,c(Mn,c)
= (r + 1)!
n(n + c) · · · (n + rc)
1
(r + 1)2 (U1,c + cr(r + 1)I)Ur,c(Mn,c)
= 1
(r + 1)(n + rc) (U1,c + cr(r + 1)I)
×
{(−n
c
+ 1)
r
r∑
=0
(−1)
(
r

)(−n
c
+ r − 
r − 1
)
Mn+c,c
}
.
Using (19) for computing of U1,c(Mn+c,c), we continue as
=
(−n
c
+ 1)
(r + 1)(n + rc)
{
1
r
r∑
=0
(−1)
(
r

)(−n
c
+ r − 
r − 1
)
(n + c)
(
−n
c
−  + 1
)
(Mn+c,c
−Mn+(+1)c,c) + c(r + 1)
r∑
=0
(−1)
(
r

)(−n
c
+ r − 
r − 1
)
Mn+c,c
}
=
(−n
c
+ 1)
(r + 1)(n + rc)
r+1∑
=0
(−1)Mn+c,c
{
1
r
(
r

)(−n
c
+ r − 
r − 1
)
(n + c)
(
−n
c
−  + 1
)
+1
r
(
r
 − 1
)(−n
c
+ r −  + 1
r − 1
)
(n + c − c)
(
−n
c
−  + 2
)
+c(r + 1)
(
r

)(−n
c
+ r − 
r − 1
)}
=
(−n
c
+ 1)
r + 1
r+1∑
=0
(−1)
(
r + 1

)(−n
c
+ r + 1 − 
r
)
Mn+c,c,
which is (30) for r + 1. 
Remark. The right-hand side of (30) is in fact a divided difference. The corresponding formula
has a simpler form if we consider the modiﬁed operator
(Tn,c(f ))(x) :=
∫
Ic
Tn,c(x, y) f (y) dy = 1
n − c (Mn,c(f ))(x).
Let
[z0, z1, . . . , zk; g(z)]z =
k∑
j=0
g(zj )
k∏
m=0
m=j
(zj − zm)
denote the kth order divided difference of a function g(z) with knots z0, z1, . . . , zk . Then (30)
can be rewritten as
r!
n(n + c) · · · (n + (r − 1)c)Ur,c(Tn,c)
= [n, n + c, . . . , n + rc; (z − c) · · · (z − rc)Tz,c]z. (31)
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Now let us consider the case c = 0. Passing formally to the limit as c → 0 in (31), we obtain
the following representation for Ur,c(Tn,c).
Lemma 6. It holds
r!
nr
Ur,0(Tn,0) = 1
r!
r
nr
(nr Tn,0). (32)
Let us prove this statement. First we consider the case r = 1 in a separate lemma.
Lemma 7. It holds
1
n
U1,0(Tn,0) = 
n
(nTn,0). (33)
Proof. We ﬁrst prove that
1
n
U1,0(Tn,0(x, y)) = 
n
(nTn,0(x, y)), (34)
the differential operator U1,0 here is taken with respect to x. We rewrite (10) as
Tn,0(x, y) = e−n(x+y)I0(z), z = 2n√xy.
Using the formula I ′0(z) = I1(z) [2, (9.6.27)], we ﬁnd

x
Tn,0(x, y) = −n Tn,0(x, y) + 12x e
−n(x+y)zI1(z).
Applying the formula 1
z
d
dz
{zI1(z)} = I0(z) [2, (9.6.28)], we obtain for the left-hand side of (34)
1
n
U1,0(Tn,0(x, y)) = 
x
{
x Tn,0(x, y) − 12n e
−n(x+y)zI1(z)
}
= Tn,0(x, y)−n(x+y) Tn,0(x, y)+e−n(x+y) 2n√xy I1(2n√xy). (35)
For the right-hand side of (34) we have

n
(nTn,0(x, y)) = Tn,0(x, y) + n 
n
{
e−n(x+y) I0(z)
}
= Tn,0(x, y) − n(x + y) e−n(x+y) I0(z) + ne−n(x+y) 2√xy I1(z),
which coincides with (35), and (34) is proved. Now let f ∈ Lp[0,∞), 1p∞. Using (34),
we write
1
n
U1,0(Tn,0(f ))(x) = −1
n

x
{
x

x
(∫ ∞
0
Tn,0(x, y)f (y) dy
)}
= −1
n

x
{
x
∫ ∞
0

x
Tn,0(x, y)f (y) dy
}
(36)
= −
∫ ∞
0
1
n

x
{
x

x
Tn,0(x, y)
}
f (y) dy (37)
=
∫ ∞
0
1
n
U1,0(Tn,0(x, y))f (y) dy =
∫ ∞
0

n
(nTn,0(x, y))f (y) dy
= 
n
{
n
∫ ∞
0
Tn,0(x, y)f (y) dy
}
= 
n
(nTn,0(f )(x)). (38)
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We justify the interchanging of integration and differentiation in (36)–(38) as in Lemma 3. For
(36), we need to prove that the function

x
Tn,0(x, y)f (y) =
[
−n Tn,0(x, y) + 12x e
−n(x+y)2n√xy I1(2n√xy)
]
f (y)
can be bounded by an integrable function of y uniformly in some neighbourhood of x. For (37)
and (38), we need to estimate the function
1
n
U1,0(Tn,0(x, y))f (y)=
[
(1−n(x + y)) Tn,0(x, y)+e−n(x+y)2n√xyI1(2n√xy)
]
f (y).
As in Lemma 3, we can show that the expressions in square brackets belong to Lq [0,∞) for each
q. In both cases we use for the ﬁrst terms the estimate (13) and for the second terms the estimate
e−n(x+y) I1(2n
√
xy)n√xy e−n(
√
x−√y)2 ,
which can be again obtained from the integral representation of the function I1 [2, (9.6.18)]. 
Proof of Lemma 6. We prove (32) by induction in r . The statement for r = 1 is just proved
(33). For the induction step r → r + 1 we use the recursion (25), the induction hypothesis (32)
and (33)
(r + 1)!
nr+1
Ur+1,0(Tn,0)
= (r + 1)!
nr+1
1
(r + 1)2 U1,0(Ur,0(Tn,0))
= 1
(r + 1) n U1,0
(
1
r!
r
nr
(nr Tn,0)
)
= 1
(r + 1)! n
r
nr
(
nr+1 
n
(nTn,0)
)
= 1
(r + 1)! n
r
nr
(
nr+1 Tn,0 + nr+2 
n
(Tn,0)
)
= 1
(r + 1)! n
r∑
=0
(
r

) {
r−
nr−
(nr+1) 

n
(Tn,0) + 
r−
nr−
(nr+2) 
+1
n+1
(Tn,0)
}
= 1
(r + 1)!
r∑
=0
(
r

) {
(r + 1)!
( + 1)! n
 

n
(Tn,0) + (r + 2)!
( + 2)! n
+1 +1
n+1
(Tn,0)
}
= 1
(r + 1)!
r+1∑
=0
{(
r

)
(r + 1)!
( + 1)! +
(
r
 − 1
)
(r + 2)!
( + 1)!
}
n

n
(Tn,0)
= 1
(r + 1)!
r+1∑
=0
(
r + 1

)
(r + 1)!
! n
 

n
(Tn,0)
= 1
(r + 1)!
r+1∑
=0
(
r + 1

)
r+1−
nr+1−
(nr+1) 

n
(Tn,0)
= 1
(r + 1)!
r+1
nr+1
(nr+1 Tn,0). 
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Now we are going to prove an inequality of Bernstein type, which gives an upper bound for
the Lp-norm of Ur,c(Mn,c(f )) for f ∈ Lp(Ic), 1p∞. In the case c = 0 we need one more
lemma. We introduce the ‘difference’ operator
T(r)n,c(f ) := (−1)rrcTn,c(x, y) =
r∑
=0
(−1)
(
r

)
Tn+c,c(f ), r ∈ N, c = 0. (39)
Note that in the case of c = −1 this operator differs slightly from those introduced in [4].
In the following lemma we give a representation of Ur,c(Tn,c), c = 0, as a linear combination
of the operators (39).
Lemma 8. Let c = 0 and n be as in Deﬁnition 1. It holds
r!
n(n + c) · · · (n + (r − 1)c) Ur,c(Tn,c) =
r∑
=0
(
r

)(−n
c

)
T()n,c. (40)
Proof. Using the formula
(− n
c

)(



) = (− nc
 )(− nc −
−
 ), we evaluate the right-hand side as
r∑
=0
(
r

)(−n
c

)
T()n,c
=
r∑
=0
(
r

)(−n
c

) ∑

=0
(−1)

(



)
1
n + c
− cMn+c
,c
=
r∑

=0
(−1)

(−n
c


)
1
n + c
− cMn+c
,c
r∑
=

(
r
r − 
)(−n
c
− 

 − 

)
= −1
c
r∑

=0
(−1)

(−n
c


)
1(−n
c
− 
+ 1)Mn+c
,c
r−
∑
=0
(
r
r − 
− 
)(−n
c
− 


)
= −1
c
r∑

=0
(−1)

(−n
c


)
1(−n
c
− 
+ 1)
(−n
c
+ r − 

r − 

)
Mn+c
,c
= 1
n − c
(−n
c
+ 1)
r
r∑

=0
(−1)

(
r


)(−n
c
+ r − 

r − 1
)
Mn+c
,c,
which is equal to r!
n(n+c)···(n+(r−1)c) Ur,c(Tn,c) by (30). 
Now we are in position to establish the main result of this section.
Theorem 2. Let c ∈ R and n be as in Deﬁnition 1. For r ∈ N0 and 1p∞ it holds
‖Ur,c(Mn,c(f ))‖p 2
rn(n + c) · · · (n + (r − 1)c)
r! ‖f ‖p.
Proof. As usual (e.g. [4]), it is enough to prove the inequality for p = ∞.
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Let us ﬁrst consider the case c = 0. Recall that if c0 then the function Tn,c is completely
monotonic with respect to n (Theorem 1). This implies that
(−1)rrcTn,c =
r∑
l=0
(−1)
(
r

)
Tn+c,c0, c > 0,
which shows that the operators T(r)n,c are positive. If c < 0, we obtain from (15)
rcTn,c = (−1)r
r∑
l=0
(−1)
(
r

)
Tn+c,c0, c < 0,
and thus the operators (−1)rT(r)n,c are positive. In both cases we have
‖T()n,c‖C(Ic)→C(Ic) = ‖T()n,c(1)‖∞,
where 1 denotes the function constant equal one. By (39) we ﬁnd
T()n,c(1) =
∑

=0
(−1)

(



)
Tn+
c,c(1) =
∑

=0
(−1)

(



)
1
n + 
c − c 1.
The last sum here can be calculated as follows:
∑

=0
(−1)

(



)
1
n + 
c − c
= −1
c
∑

=0
(−1)

(



)
1
−n
c
− 
+ 1
(−n
c
+ 1) (−n
c
) · · · (−n
c
−  + 1)(−n
c
+ 1) (−n
c
) · · · (−n
c
−  + 1)
= − 1
c
(−n
c
+ 1) (− nc

) ∑

=0
(−1)

(−n
c
+ 1


)(−n
c
− 

 − 

)
= 1
(n − c)(− nc

) (−1) ∑

=0
(−n
c
+ 1


)(n
c
+  − 1
 − 

)
= (−1) 1
(n − c)(− nc

) ,
and
‖T()n,c‖C(Ic)→C(Ic) =
1
(n − c)
∣∣∣(− nc

)∣∣∣ . (41)
Now for an arbitrary function f ∈ C(Ic) we write using (40) and (41)
r!
n(n + c) . . . (n + (r − 1)c) ‖Ur,c(Mn,c(f ))‖∞
(n − c)
r∑
=0
(
r

) ∣∣∣∣
(−n
c

)∣∣∣∣ ‖T()n,c‖C(Ic)→C(Ic) ‖f ‖∞
=
r∑
=0
(
r

)
‖f ‖∞ = 2r ‖f ‖∞,
which proves the theorem for c = 0.
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Now let us consider the case c = 0. Recalling that Mn,0 = nTn,0 and using the Leibniz
formula, we rewrite (32) as
r!
nr
Ur,0(Mn,0) = n
r!
r
nr
(nr Tn,0) = n
r∑
=0
(
r

)
n
!

n
Tn,0.
Since the functionTn,0(x, y) is completelymonotonicwith respect ton (Theorem1), i.e. (−1) 

n
Tn,0(x, y)0, we conclude that the operators (−1) 

n Tn,0 are positive. Thus,∥∥∥∥ n Tn,0
∥∥∥∥
C(I0)→C(I0)
=
∥∥∥∥ n Tn,0(1)
∥∥∥∥∞ =
∣∣∣∣ n 1n
∣∣∣∣ = !n+1 .
Consequently, for a function f ∈ C(I0) we obtain
r!
nr
‖Ur,0(Mn,0(f ))‖∞  n
r∑
=0
(
r

)
n
!
∥∥∥∥ n Tn,0
∥∥∥∥
C(I0)→C(I0)
‖f ‖∞
=
r∑
=0
(
r

)
‖f ‖∞ = 2r ‖f ‖∞,
and the theorem is completely proved. 
4. The quasi-interpolants
In this section we apply results obtained in Sections 2 and 3 to studying the natural quasi-
interpolants of the operators (2) which are deﬁned as follows.
Deﬁnition 2. Let c ∈ R and n be as in Deﬁnition 1. Let r ∈ N0, and in the case when c < 0 we
suppose additionally that 0r − n
c
. Deﬁne
Q(r)n,c(f ) :=
r∑
k=0
k!
n(n + c) · · · (n + c(k − 1))Uk,c(Mn,c(f )) (42)
for f ∈ Lp(Ic), 1p∞.
This construction was introduced in the case of c = −1 by Jetter and Stöckler [11] (in a more
general situation on multidimensional simplices in spaces with Jacobi weights) with the aim to
accelerate the convergence. The quasi-interpolants Q(r)n,−1 are quite well studied by Jetter, Stöckler
and the author [3,4]. The construction of Jetter and Stöckler (in the one-dimensional unweighted
case) was extended to c0 by Abel [1].
The ﬁrst simple application of the Bernstein inequality (Theorem 2) is the statement that the
quasi-interpolants (42) are uniformly bounded.
Theorem 3. Under the assumptions of Deﬁnition 2 we have
‖Q(r)n,c(f )‖p(2r+1 − 1) ‖f ‖p.
The proof is obvious.
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Next we show that in the case c = 0 the quasi-interpolants (42) can be represented as linear
combinations of the operators (2). It follows from this statement, in particular, that the quasi-
interpolants are well-deﬁned for all f ∈ Lp(Ic), 1p∞.
Theorem 4. Let c = 0 and n and r be as in Deﬁnition 2. The quasi-interpolants Q(r)n,c have the
following representation as a linear combination of the Durrmeyer operators (2):
Q(r)n,c =
r∑
=0
(−1)
(
r

)(−n
c
+ r −  + 1
r
)
Mn+c,c. (43)
Proof. We insert the representation (30) into the deﬁnition (42) to obtain
Q(r)n,c =
r∑
k=0
k∑
=0
(−n
c
+ 1)
k
(−1)
(
k

)(−n
c
+ k − 
k − 1
)
Mn+c,c
=
r∑
=0
(−1) Mn+c,c
(−n
c
+ 1)

r∑
k=
(−n
c
+ k − 
k − 
)( −n
c
 − 1
)
=
r∑
=0
(−1) Mn+c,c
(−n
c
+ 1)

(−n
c
+ r −  + 1
r − 
)( −n
c
 − 1
)
=
r∑
=0
(−1)
(
r

)(−n
c
+ r −  + 1
r
)
Mn+c,c. 
Remark 1. The linear combination (43) is again a divided difference. Namely,
Q(r)n,c = [n, n + c, . . . , n + rc; (z − 2c) · · · (z − (r + 1)c)Mz,c]z. (44)
Remark 2. The coefﬁcients in the representation (43) are formally a particular case of coefﬁcients
of linear combinations considered by Heilmann in [9]. However, Heilmann required that the sum
of absolute values of the coefﬁcients is bounded uniformly in n. This condition is not satisﬁed in
our case.
Remark 3. Following Heilmann [9], it is not difﬁcult to show on the base of the representation
(43), that the quasi-interpolants Q(r)n,c, c > 0, reproduce polynomials of degree at most r . This was
also proved by Abel [1] for all c directly.
If c → 0, (44) turns into the following formula.
Theorem 5. It holds
Q(r)n,0 =
1
r!
r
nr
(nrMn,0). (45)
Proof. Using Mn,0 = nTn,0, we rewrite (32) as
r!
nr
Ur,0(Mn,0) = n
r!
r
nr
(nr−1 Mn,0).
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Substituting this into the deﬁnition (42) and using the Leibniz formula twice, we obtain
Q(r)n,0 =
r∑
k=0
n
k!
k
nk
(nk−1 Mn,0) =
r∑
k=0
k∑
=0
(
k − 1
 − 1
)
n
!

n
(Mn,0)
=
r∑
=0
n
!

n
(Mn,0)
r∑
k=
(
k − 1
 − 1
)
=
r∑
=0
n
!

n
(Mn,0)
(
r
r − 
)
= 1
r!
r∑
=0
(
r

)
r−
nr−
(nr)

n
(Mn,0) = 1
r!
r
nr
(nrMn,0). 
It follows from (7), (17), (6) and Theorem 3 that
‖Q(r)n,c(f ) − f ‖p → 0, n → ∞ for f ∈ Lp[0,∞), 1p < ∞. (46)
Indeed, if f ∈ Lp[0,∞) is such that Uk,c(f ) ∈ Lp[0,∞) for 0kr , then the convergence
follows from the estimate
‖f − Q(r)n,c(f )‖p‖f − Mn,c(f )‖p +
r∑
k=1
k!
n(n + c) · · · (n + c(k − 1))‖Uk,c(f )‖p.
For an arbitrary f ∈ Lp[0,∞), we approximate f by a smooth function and use the fact that the
quasi-interpolants Q(r)n,c are bounded uniformly in n.
The results obtained above allow us to prove a direct result for the quasi-interpolants Q(r)n,r ,
c > 0, in the spaces Lp[0,∞), 1p < ∞, in terms of a new K-functional. The arguments
are more or less standard. First we show the following estimate of Jackson–Favard type for
smooth f .
Theorem 6. Let c > 0, n > c, r ∈ N0, 1p < ∞ and let f ∈ Lp[0,∞) such that Ur+1,c(f ) ∈
Lp[0,∞). Then
f−Q(r)n,c(f )=
∞∑
=0
(r + 1)!c(r + 1)
(n + ( − 1)c)(n + c) · · · (n + ( + r)c) Mn+c,c(Ur+1,c(f )), (47)
with convergence in norm. Moreover,
‖f − Q(r)n,c(f )‖p
(r + 1)!
(n − c)n · · · (n + (r − 1)c) ‖Ur+1,c(f )‖p. (48)
Proof. Using (43), we write
Q(r)n+c,c − Q(r)n,c
=
r∑
=0
(−1)
(
r

)(−n
c
+r−
r
)
Mn+c+c,c−
r∑
=0
(−1)
(
r

)(−n
c
+ r −  + 1
r
)
Mn+c,c
= −
r+1∑
=0
(−1)
(
r + 1

)(−n
c
+ r −  + 1
r
)
Mn+c,c
= (r + 1)!c(r + 1)
(n − c)n · · · (n + rc) Ur+1,c(Mn,c),
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the last equality follows by Lemma 5. Now take f ∈ Lp[0,∞), 1p < ∞, with Ur+1,c(f ) ∈
Lp[0,∞), and consider the series
∞∑
=0
(
Q(r)n+(+1)c,c(f ) − Q(r)n+c,c(f )
)
=
∞∑
=0
(r + 1)!c(r + 1)
(n + ( − 1)c) · · · (n + ( + r)c) Mn+c,c(Ur+1,c(f )),
we use the fact that the operators Mn+c,c and Ur+1,c commute. Since the operators Mn+c,c
are contractions in Lp, the series converges in norm. On the other hand, the sum of the series is
f − Q(r)n,c(f ), to see it apply a telescoping argument and the statement about convergence (46).
Thus, (47) is proved.
The Jackson–Favard statement (48) follows from (47). We estimate
‖f − Q(r)n,c(f )‖p  ‖Ur+1,c(f )‖p (r + 1)!
∞∑
=0
c(r + 1)
(n + ( − 1)c) · · · (n + ( + r)c)
= ‖Ur+1,c(f )‖p (r + 1)!
∞∑
=0
(
1
(n + ( − 1)c) · · · (n + ( + r − 1)c)
− 1
(n + c) · · · (n + ( + r)c)
)
= ‖Ur+1,c(f )‖p (r + 1)!
(n − c)n · · · (n + (r − 1)c) . 
For c > 0 and r ∈ N, we introduce the K-functional
Kr,c,p(f, t) := inf{‖f − g‖p + t‖Ur,c(g)‖p : g ∈ Lp[0,∞),Ur,c(g) ∈ Lp[0,∞)},
t > 0.
Theorem 7. Let c > 0, n > c, r ∈ N0. For f ∈ Lp[0,∞), 1p < ∞, we have
‖f − Q(r)n,c(f )‖p2r+1 Kr+1,c,p
(
f,
(r + 1)!
2r+1(n − c) · · · (n + (r − 1)c)
)
.
Proof. The statement follows from Theorem 3 and Theorem 6 via standard arguments. Take
g ∈ Lp[0,∞) with Ur+1,c(g) ∈ Lp[0,∞), then
f − Q(r)n,c(f ) = (f − g) + (g − Q(r)n,c(g)) + Q(r)n,c(g − f )
and
‖f − Q(r)n,c(f )‖p  ‖f − g‖p +
(r + 1)!
(n − c) · · · (n + (r − 1)c)‖Ur+1,c(g)‖p
+(2r+1 − 1)‖f − g‖p
= 2r+1
(
‖f − g‖p + (r + 1)!2r+1(n − c) · · · (n + (r − 1)c)‖Ur+1,c(g)‖p
)
.
Taking the inﬁmum over g, we obtain the result. 
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